The components of blazar jets that emit radiation span a factor of 10 10 in scale. The spatial structure of these emitting regions depends on the observed energy. Photons emitted at different sites cross the lens plane at different distances from the mass-weighted center of the lens. Thus there are differences in magnification ratios and time delays between the images of lensed blazars observed at different energies. When the lens structure and redshift are known from optical observations, these constraints can elucidate the structure of the source at high energies. At these energies, current technology is inadequate to resolve these sources and the observed light curve is thus the sum of the images. Durations of γ-ray flares are short compared with typical time delays; thus both the magnification ratio and the time delay can be measured for the delayed counterparts. These measurements are a basis for localizing the emitting region along the jet. To demonstrate the power of strong gravitational lensing, we build a toy model based on the best studied and the nearest relativistic jet M87.
INTRODUCTION
Strong gravitational lensing is a powerful tool for exploring the universe (Schneider et al. 1992) . It magnifies distant objects and provides a way to observe their structure and detailed properties (e.g. Yuan et al. (2012) ; Postman et al. (2012) ; Laporte et al. (2012) ).
Blazars are the most luminous energy source in the universe; they are also among the most mysterious. Strongly lensed blazars offer a new window for elucidating their structure.
The components of blazars that emit radiation from the radio to the γ-ray span a factor of 10 10 in scale. The images of lensed blazars are resolved in the radio and in the optical (Martí-Vidal et al. 2013; O'Dea et al. 1992; Patnaik et al. 1995; King et al. 1997) . Their sizes are from sub parsec up to megaparsec. Radio interferometry resolves the details of blazar radio emission from the core, the jets, and the extensive lobes (Marscher et al. 2008) .
Improved angular resolution of current Xray satellites demonstrates that the X-ray emission from the jet forms structures as large as hundreds of kpcs (Harris & Krawczynski 2006; Tavecchio et al. 2007; Siemiginowska et al. 2002) . At high energies, the technology is inadequate to resolve the sources. However, the short variability timescales suggest that the sources of the high energy radiation during a flare is of the order of 10 −3 parsec (Sbarrato et al. 2011) . It remains unclear whether the radiation source is the same at all energies. The source may be close to the base of the jet or it may originate from blobs moving along the jet at relativistic speed.
Strong lensing provides a potential tool for distinguishing among the possible emission sites. These strongly lensed sources may thus provide fundamental discriminants among models for high energy emission in blazars.
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Photons emitted at the different sites cross the lens plane at different distances from the mass-weighted center of the lens. Thus the magnification ratios, and the time delays between the images depend on the location where the radiation originates. Because the site of the emission may be energy dependent, the magnifications ratios and time delays may differ from one wavelength range to another. They may even differ from one flare to another in the same source if the radiation originates from knots in the jet.
Here, we develop a method for using strong gravitational lensing as a tool to constrain the internal structure of blazar jets. We use the detailed observations of M87 to construct a toy model of the source (Section 2). We discuss the range of projected physical scales relative to the Einstein radius size (Section 3). The first step in the process is the determination of the lens properties from the spatially resolved radio and optical images (Section 4). Within the context of the well-constrained ΛCDM cosmology (Planck Collaboration et al. 2013 ), distances to the lens and source are also known. In γ-rays, the observed light curve is the sum of the lensed images. We show that the properties of distinct flares enable retrieval of the properties of the source even though the images are unresolved. The crucial γ-ray observations are the amplitude and time delay of the flares (Sections 5 and 6).
M87: A TOY MODEL
Unified schemes for Radio-Loud Active Galactic Nuclei (AGNs) (Urry & Padovani 1995) demonstrate that the AGNs all have similar internal structure. The differences in their appearance largely results from the orientation of the jet. When the jet is pointed close to the line-of-sight, the emission is relativistically boosted. The resulting extremely luminous object is called a blazar.
At the center of the blazar, the super massive black -Steps in the application of strong gravitational lensing to unresolved jet structures. 1) Blazar jets extend from sub-parsec up to megaparsec scales. 2) A galaxy located close to the line-of-sight between the source and the observer acts as a lens with an Einstein radius of a few kpcs. Radiation emitted in different regions of the jet crosses the lens plane at different distances from the center of mass of the lens. Differences in path length result in a different magnification ratio and time delay for each image of lensed blazar. 3) Observations at radio and optical wavelengths provide resolved images. They also provide redshifts of the lens and source. 4) The images shows the lensed system B2 0218+35 observed in optical and radio (Images from: (Jackson et al. 2000; Patnaik et al. 1995; Biggs et al. 1999) ). 5) The resolved images and the known distances allow retrieval of the mass distribution of the lens. 6) The location of emitting region at high energies cannot be resolved with current instruments, but variability time scales as short as a few hours suggest that the region have to be compact. 7) The γ-ray variability timescale is short compare to the time delay. Thus the time delay and corresponding magnification ratio for the delayed counterparts of the radiation source can be estimated. 8) Measurement of the time delay and magnification ratio for the lensed flare can be used to limit the location the high energy emitting region along the kpc jet.
hole has a typical Schwarzschild radius of ∼ 10 −4 pc. So far, primary constraints on the physical scale of the central engines of distant AGN come from the intrinsic variability of the emission (Peterson 2001) and from microlensing (Morgan et al. 2010) . The jets transports energy and momentum over large distances (Blandford & Rees 1974) . The jet may extend for scales up to megaparsecs. Their structure is complex and includes hotspots and blobs.
Most of the time, blazars are in the so-called low state; occasionally their flux increases by more than an order of magnitude. The rapid variability in these GeV-TeV flares implies that emission during a flare must originate from compact structures within the relativistic jet. It is increasingly clear that there may be a multiplicity of active zones during both the low and high states of blazars (Böttcher et al. 2013) . 3C273 provides an interesting local case in point. The source is a typical blazar with the jet oriented nearly along the line-of-sight. Recent radio, optical and X-ray observations show that there is rich structure within the jet; the compact structures are different at different wavelengths (Marshall et al. 2001) . VHE emission has not yet been detected from 3C273.
To understand the role of strong lensing in placing constraints on blazar structure, we use the detailed observations of M87 to construct a toy model. M87 is a giant radio galaxy located in the core of the Virgo cluster at distance of 16.7 Mpc (Jordán et al. 2005) . M87 has a blazar-like core and a jet, but it has lower luminosity than the typical high redshift blazar. M87 is a VHE 1 γ-ray emitter (Abramowski et al. 2012 ). The exact location of the source of VHE emission remains unclear. In spite of the lower luminosity, we can use this wellobserved nearby object as a platform for examining the power of strong lensing observations. The M87 jet consists of bright knots of radio, optical, and X-ray emission spread throughout a projected distance of 1.6 kpc (81 pc/"). The optical and X-ray emission correspond to radio features.
Observations with the Chandra X-Ray Observatory (Madrid et al. 2007) show that substantially increased Xray emission originates from at least two regions: the core of M87 and a bright blob of material, HST-1, embedded in the jet (Biretta et al. 1999) . VERITAS, H.E.S.S. and MAGIC all detected VHE emission simultaneous with the increased X-ray luminosity.
The knot, HST-1, is located at a projected distance of ∼60 pc from the core. It consists of bright knots observed with apparent velocities, β app , with a range of 4-6 (Biretta et al. 1999 ). The observed apparent velocity requires that the jet must be no more than 19
• from our line-of-sight (Biretta et al. 1999 ) based on the standard picture of relativistic boosting (Rees 1966) .
At the distance of M87, the angular resolution of ground-based VHE instruments corresponds to a projected size of 30 kpc, much larger than the projected distance between the core and HST-1, thus explaining the ambiguity in the location of the VHE emission. Obviously, in the case of distant blazars, direct determination of the location of the source of the VHE emission is hopeless with current technologies.
In the discussion below we place M87 at redshift z ∼ 1 with a lens at z ∼ 0.6. We assume that the orientation of the M87 jet relative to the line-of-sight is the same as observed at its true redshift. We use this model to illustrate the way strong lensing can constrain the location of the VHE emission. For the purposes of demonstrating the technique, we orient the jet along a radial direction in the lens plane.
PHYSICAL SCALES
As a first step in investigating strong lensing of blazars, we examine the range of projected physical scales relative to the Einstein radius in the lens plane.
We model the lens as a singular isothermal sphere (SIS) with Einstein radius:
where σ is the velocity dispersion of the stars, D OL , D LS , and D OS (see Figure 1 ) are the angular diameter distances from the observer to the lens, from the lens to the source and from the observer to the source, respectively (Narayan & Bartelmann 1996) .
For strong lensing, the typical mass of the lensing galaxy is ∼ 10 11 M ⊙ . Using equation (1), the size of the source projected into the lens plane is:
For our M87 toy model, the Einstein radius is 0.45 ′′ . The projected distance between the core and HST-1, corresponds to 0.027 r E . There are many knots at greater distances that even extend beyond the Einstein radius.
In principle, any of these knots may be sources of γ-ray emission.
THE APPLICATION OF STRONG LENSING
Here we outline the steps in interpreting strong lensing observations of blazars. The approach takes advantage of multi-wavelength observations. Resolved imaged in the radio, optical, and X-ray are a foundation for understanding the origin of γ-ray emission. Figure 1 shows a schematic for the proposed approach. Radio and optical instruments already provide resolved images of dozen of gravitationally lensed FSRQs (JVAC/CLASS 2 ). For the FSRQs, the redshift of the source and lens are known. Cosmological parameters like Hubble constant are very-well determined by other observations (Planck Collaboration et al. 2013); we thus assume these precise values to determine the distances in the lens configuration.
The image morphology together with the distances constrain the central mass density of the lens. For a source at z ∼ 1 the lens is at low enough redshift that direct optical imaging and spectroscopy can also provide important constraints on the central mass density and mass distribution of the lens (Bolton et al. 2008) . In the following discussion we assume that the lens properties are known.
Even at wavelengths where the lensed image is resolved, the magnification ratios and time delays may not be identical at different wavelengths. In general, these differences have been interpreted as a result solely of microlensing (Oshima et al. 2001) . However, the example of M87 suggests that differences in the location and size of the emitting regions at different wavelengths may contribute substantially to the variation in properties of the lensed images.
The optical observations of M87 shows extended emission on a scale of ∼1 kpc dominated by the host galaxy. In contrast, VLA observations at wavelengths 2 cm and 90 cm reveal very different emission region sizes ranging from sub parsec to hundred kiloparsec scales, respectively. The emission regions include a number of knots, filaments, and more extended structures.
Structures in the M87 jet are also resolved in the Xray. These sources are spatially coincident with emission sources in the UV and the radio. If M87 were farther away or if it were observed with poorer angular resolution, the X-rays variability that we observe arising from a knot in the jet might well be ascribed to an emission source near the core (Harris et al. 2003) .
Constraints on the distribution of the emitting regions can be also obtained in the γ-ray regime even though the images are unresolved. The duration of flares at high energies is short compared with the time delays. Thus individual flares that correspond to multiple lensed imaged can be resolved. Identification of the components of the flare provide both amplitudes and time delays. Thus we have a measure of the magnification ratio even though the source is unresolved.
We have a set of constraints on the locations and sizes of emitting regions at resolved wavelengths. We can then use the γ-ray observations to ask whether the emission originates from the same regions as the lower energy ra-diation or not.
Next, in Section 5 we quantify the variation in the magnification ratio. Then, in Section 6 we discuss the variation in the time delay.
VARIATION IN THE MAGNIFICATION RATIO
In the simple case where there are two lensed images, the magnification ratio depends on the displacement between the source and the lens in the lens plane. The magnification ratio also depends on the mass distribution of the lens which we assume is known from other observations. For the purpose of demonstration, we continue here with the assumption of a radially symmetric lens represented by the SIS model (Narayan & Bartelmann 1996) .
For a source that lies within the Einstein ring r S < r E , where r S is the distance between the source and the weighted center of the mass in the lens plane, multiple images appear at distances u ± from the lens:
where u is in dimensionless units normalized to the Einstein radius (u = r S /r E ).
The magnification for images of a compact source is
The magnification ratio between the two images of the compact source is
Because gravitational lensing conserves surface brightness, the magnification for an extended sources is simply the ratio of the image area to the source area (Stanek et al. 1993) . Correspondingly, the image magnification of an extended source, A ′ ± , is the integral of the source intensity I(x, y) weighted by the point source magnification:
where x and y are defined by r = x 2 + y 2 . We approximate the surface brightness of the source with a gaussian distribution. Figure 2 shows the magnification ratio between the images as a function of the distance between the lens and the source in the lens plane. The solid curve shows the magnification ratio for a compact source (size 1%r E ; the dotted, dashed-dotted and dashed curves show the magnification ratio for an extended source with sizes 10%, 20%, 50% in units of r E . Even a small change of the distance u introduces significant variation in the magnification ratio.
Furthermore, concentric sources of emission at different wavelengths have different spatial extent and thus different magnification ratios. For example, the optical emission of M87, dominated by the host galaxy, extends up to ∼50% of Einstein radius. For our toy model, the observed magnification ratio between the two optical images of the galaxy would be ∼3. Because the source is the extended host galaxy, the magnification ratio would not change significantly with changes in u. -Magnification ratio between lensed images as a function of the distance between the source and the lens in the lens plane (in units of the Einstein radius). The solid line corresponds to the magnification ratio of the images of the compact source. Dotted, dashed-dotted and dashed lines show the magnification ratios of images for an extended source of size 10%, 20% and 50% r E , respectively. We approximate the lens mass distribution with a SIS and the surface brightness of the source with a gaussian distribution.
For the M87 jet, the core and HST-1, correspond to 0.027 r E . In the case of M87, lensed image of these bright knots could be observed at radio and X-ray wavelengths. In the optical, their surface brightness is not high enough for them to be resolved against the entire galaxy. In the radio, the hot spots corresponding to the core and HST-1 are resolved. A change in the distance between the lens and the source of the order of 0.027 r E would correspond to a difference in the magnification ratio of ∼0.2. If the γ-ray source coincides with the radio source, the magnification should be identical.
For the M87 toy model, a 1% r E change in u corresponds to 22 pc. During a flare, the large number of photons enables measurement of differences in the magnification ratio as small as ∼0.2 and thus, differences in the location of the emission sites as small as 60 pc can be detected.
Measurements of flux with even greater precision will allow detection of smaller changes in magnification ratio thus better discriminating among sites of γ-ray emission. Even with improved flux measurements, the magnification ratios alone are insufficient to restrict the location of γ-ray emission. As we discuss next, flaring of the sources and measurement of the time delays provides a route to a robust restriction of the source position.
VARIATION IN THE TIME DELAY
We can reduce the ambiguity in the origin of the γ-ray emission by taking advantage of measurements of the time delay in flaring sources. Once the time delay is measured, the magnification ratio (or relative flux of the delayed components of the flare) between the images can also be determined. The difference in time delay is the essential measure of differences in the location of emitting regions.
The time delay function is (Narayan & Bartelmann 1996) :
where θ = r/D OL , θ S = r S /D OL and ψ(θ) is the effective gravitational potential of the lens. The time delay is proportional to the square of the angular offset between θ and θ S . It results from the difference in light travel time for the two images.
For the M87 toy model, a 1% r E change in u (1% r E = 22 pc) produces a change in the time delay of ∼ 0.6 days. The displacement of ∼0.027r E between the core of M87 and HST-1 changes the time delay by almost 2 days and the magnification ratio by ∼ 0.2. We measure the relative fluxes, or equivalently the magnification ratio, between the flare and its delayed counterpart. We can then compare the magnification ratio with resolved sources at other wavelengths. If the magnification ratios are the same, it is consistent to identify the location of the γ-ray flare with the resolved source.
LIMITATIONS OF THE MODEL
Constraints on the size and location of the γ-rays emitting region site could be limited in some cases by microlensing or by γ -γ absorption.
Microlensing by a star within the lensing galaxy can impact the observed amplitude of the γ-ray emission. The important issue in evaluating the impact of micorlensing is the Einstein radius of the micorlensing star relative to the expected source size. The Einstein radius of a star located at a cosmological distance is of the order of 5 × 10 16 (M/M ⊙ ) cm. Limits on the size of the emitting region, obtained from the minimum variability time scale, are also of the order of 10 16 cm (Sbarrato et al. 2011 ). Cheung et al. (2014 provide an additional limit on the size of the γ-ray emitting region; they propose that the scale is 6 × 10 14 cm times the Doppler factor. The average Doppler factor measured for γ-ray bright blazars is 20 (Savolainen et al. 2010 ) and thus the size limit is 1.2×10
16 cm in rough accord with Sbarrato et al. (2011) . The γ-ray emitting region is thus comparable in size to the Einstein radius of a solar mass star.
When the source size and Einstein radius of the lens are comparable, finite source effects are importnat in microlensing (Kochanek 2004; Congdon et al. 2007; Schechter et al. 2003) . In this case, magnification ratio is essentially unchanged. Furthermore microlensing leaves the time delay unchanged. we thus expect that the impact of micorlensing on the model approach will be small.
Another issue is that γ-ray photons emitted from sources at cosmological distances may be absorbed by the γ -γ interaction as they travel through various photon fields. The universe is transparent for γ-ray photons with energy below 10 GeV. Thus flares from gravitationallylensed blazars detected by the Fermi/LAT do not suffer from γ-γ absorption.
For energies 10 Gev, γ-γ absorption of photons passing close to an intense source of light, like galaxies or stars, is a subtle problem requiring detailed consideration beyond the scope of this paper. Barnacka et al. (in preparation) plan to evaluate the issue.
We conclude that neither micorlensing nor absorption precludes application of the technique we propose for constraining the nature of the γ-ray source. In any case, once there is a large sample of lensed sources, it is unlikely that microlensing and/or absorption will have a significant effect on all sources.
DISCUSSION
Observation of gravitational lensing is challenging at high energies because only the most powerful sources like blazars can be detected. The nature of the jets in these sources remains puzzling. Most of the emission from majority of blazars is released in the high energy range, but investigating high energy emission from these sources is severely limited by the impossibility of resolving it. Despite abundant observations, the origin of the γ-ray emission is not fully understood, but all models assume that the source of VHE emission is close to the base of the jet.
The Fermi Gamma-ray Space Telescope has continuously monitored the whole sky since 2008, detecting photons from the most luminous objects in the universe (e.g. blazars and gamma-ray bursts). The number of expected gravitationally lensed systems among 370 FSRQs listed in the 2nd Fermi catalogue (Nolan et al. 2012 ) is ∼10×F (Barnacka 2013) . Where F measures the effectiveness of matter in producing double images. One estimate of F is 0.047 (Fukugita et al. 1992) . The number of blazars detected as ∼ 1000, but their redshifts are generally unknown. Thus the number of lensed sources probably exceeds the estimate based on FSRQs. The lensing probability may be further increased by magnification bias (Turner et al. 1984; Narayan & Wallington 1993) .
In fact, among the FSRQs detected at high energy, PKS 1830-211 and B2 0218+35 are known strong gravitational lensed systems. The detection of a gravitationallens induced echo of 27 ± 0.5 days in the light curve of PKS 1830-211 during low state by Barnacka et al. (2011) provided the first evidence for strong gravitational lensing of a γ-ray source (see Cheung et al. (2014) for an alternative view). Radio observations of the two lensed images of PKS 1830-211 provide a magnification ratio of ∼1.5 and time delay 26 ± 4 days (Lovell et al. 1998) . Remarkably, the delay for the γ-ray emission in the low state is consistent with the radio delay. Thus the radiation sources may be coincident.
In contrast, the flares detected in γ-rays (Ciprini 2010) do not show delayed counterparts at the radio time delay. The magnification ratio has not yet been measured. A clean measurement of the time delay and the corresponding magnification ratio would determine whether the flare and the emission in the low state originate from the same region. In other words, strong gravitational lensing can be used to distinguish the site of emission during low and flaring state of blazars by comparing the time delay between delayed counterparts, to time delay obtained from the low state (Barnacka et al. 2011 ). This approach is similar to reverberation mapping (Peterson 1993) .
For the second lensed source, B2 0218+35, detected in high energies, the components of delayed γ-ray flare B2 0218+35 have similar flux implying a magnification ratio close to 1 (Cheung et al. 2014) . (Cheung et al. 2014 ) demonstrate a method for analyzing complex light curves that consist of many superimposed flares. Their method allows extraction of both the time delay and the magnification ratios. Radio observations of this source give a time delay consistent with the time delay for the γ-ray flare. The time delay for the radio images at 15 and 8.4 GHz is 10.5 ± 0.2 days (Biggs et al. 1999) and 10.1 ± 0.8 days (Cohen et al. 2000) . Radio observations give a much larger magnification ratios of 3.2 +0.3 −0.4 at 8 GHz and 4.3 +0.5 −0.8 at 15 GHz (Cohen et al. 2000) . For B2 0218+35, one can construct a consistent model where the radiation sources are positionally coincident but differ in size. During the flare, the size of the γ ray source is < 6 × 10 14 cm (Cheung et al. 2014) , much smaller than the Einstein radius. In the radio, the jet extends well beyond the Einstein radius. Figure 2 shows that the magnification ratio can easily differ by a factor of 3 for coincident sources with sizes < 1%r E and ∼ r E .
For B2 0218+35, the large error in the radio time delay precludes discrimination between the simple model of coincident radiation sources with different spatial extent and a model more similar to M87 where the radiation sources are not coincident.
If M87 were gravitationally lensed, and the flare originated from HST-1 rather than the core, we would expect a difference in the time delay of ∼2 days. Robust discrimination between the core and HST-1 models would require an accuracy in time delay measurement of ∼ 0.4 days. This accuracy can probably be obtained in both the optical and γ-ray regimes.
The difference in magnification ratio for the core and HST-1 models is small, ∼ 0.2. For a γ-ray flare, the error in the relative flux measurement can be 0.1. These estimates assume the smooth, symmetric SIS mass distribution. For more complex lenses with asymmetric mass distributions and possible substructure, variations of the magnification ratio and the time delay are larger. In principle, a more complex lens can enable resolutions of more detailed structure in the blazar. Thus our estimates for M87 are conservative. Pushkarev et al. (2010) suggest that the distances between the radio and γ-ray emission are small. Resolution of small scales depends on the detailed properties of the lens. The inhomogeneous mass distribution of a typical galaxy allows constraints on the projected distance to the γ-ray emitting region site that can be much tighter than 60 pc (Metcalf & Zhao 2002; Dalal & Kochanek 2002; McKean et al. 2007) .
A model where the VHE emission occurs close to the base of the jet and one where it originates from spatially distinct knots as in M87 differ in the underlying fundamental physics (Mücke et al. 2003; Reimer et al. 2004; Stawarz et al. 2005 Stawarz et al. , 2006 . To explain the observed rapid variability and to avoid catastrophic pair production in blazars, models assume that the γ-rays are produced in compact emission regions moving with relativistic bulk velocities in or near the parsec scale core (Dondi & Ghisellini 1995) . However, recent detection of sub-TeV emission from a few flat spectrum radio quasars (FSRQs) suggests that blazar zone can be located several parsecs away from the massive black hole Nalewajko et al. 2012) . Refined analysis of existing data along with additional identifications of gravitationally lensed blazars have the potential to elucidate blazar emission models.
CONCLUSIONS
Strong gravitational lensing is a potentially powerful tool for investigating the structure of jets at γ-ray energies where the angular resolution of instruments is insufficient to resolve the source. Observations of strongly lensed sources can discriminate among models where the γ-ray emission comes from the region close to the core and those where it originates from knots along the jet.
Two gravitationally lensed blazars have been detected at high energies (Barnacka et al. 2011; Cheung et al. 2014) ; both have flared (Ciprini 2010 (Ciprini , 2012 Cheung et al. 2012) . Measurements of time delays and magnification ratios for the lensed counterparts provide a unique opportunity to investigate the origin of the γ-ray emission.
The M87 toy model that we have construct shows that constraining the emission site to 60 pc projected distance requires an accuracy in the time delay measurement of 0.4 days, and an accuracy in the magnification ratio of a few percent. Currently, these quantities can be measured to this accuracy at γ-rays, and in the near future measurements with this precision will be possible at shorter wavelengths.
In the near future, dozens of gravitationally lensed systems will be detected at energies 100 GeV. Over the next years, these sources will have dozens of sets of flares. This statistical ensemble of flaring sources will allow a systematic study constraining the sites of γ-ray emission.
At energies 100 GeV (VHE), absorption by the extragalactic background light precludes detection of sources at z 1. Even at these energies, the number of known gravitationally lensed system should increase very rapidly in the next years. Euclid and SKA will reveal blazars at redshift low enough to be detected at VHE. Observations of flaring sources with ground based Cherenkov telescopes like VERITAS (Weekes et al. 2002) , or, eventually CTA (Actis et al. 2011) , will provide the time delays and magnification ratios necessary to limit the emission region.
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